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The von Mises Distribution of the Phase of a Structure Invariant
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The main terms in the exponential forms of the phase probability distributions of structure invariants
are von Mises distributions P(®)={2nly(k)] ' exp [k cos (@ —¢)] (a). It is shown that in this formula k
and @ are given by k exp ip =2{F)|F|/a* (b), where F, a complex variable, is identified with a structure
invariant, (F is its mean value and ¢ is its variance. From (a) and (b) are obtained, by simple algebraic
calculations of (F) and o2, the formulae for phase probability distributions of structure invariants, the
derivation of which up to now required lengthy calculations via joint probability distributions of many
structure factors. A new application is the calculation of the phase probability distribution of a quartet
employing both the magnitudes of the cross terms and a priori structural information.

Introduction

Analogous to Gauss’ derivation of the normal distri-
bution von Mises (1918) has derived the normal dis-
tribution of a phase,

P(P) = #O(k)exp [k cos (P —o)], (N

which in the literature is referred to as the circular
normal distribution or the von Mises distribution
(Batschelet, 1965; Mardia, 1972). The mode of (1) is
at &=, k is a measure of the sharpness, and I is the
modified Bessel function of order zero.

The distribution of the phase of a triple product
E,,Ey,Ey;, hy +h;+h;=0, given the magnitudes of
the normalized structure factors E,,, Eyn, and E,,
(Cochran, 1955; Hauptman, 1976; Heinerman, 1977a)
is a von Mises distribution (see Hendrickson &
Lattman, 1970 and Koenig, 1972, 1976) with

. g
kexp l(p=2?72|Eh1Eh2Eh3| . (2)
If a priori structural information is used, (2) becomes

k exp ip=2Q,,3 (exp iq123)|En, Eny Enjl 3)

(Main, 1976; Heinerman, 1977a).

The distribution of the phase of a quartet
Ey EyyEpyEng, hy +hy+h; +h, =0, given the magni-
tudes of E,,, Eny, En, and E,, (Hauptman, 1976) is
a von Mises distribution with

. (e}
k exp 1(p=2;% |EnEnyEnzEng| - 4)

If, in addition, the magnitudes of the cross terms
Eyy +nys Eny+ny and Eyy ., are used, the exponential
form of the phase distribution of a quartet is again
a von Mises distribution (see Giacovazzo, 1976), where
now

2
. [} (2

k exp ‘(P=2|:—; + %(IEhl+h2|2+|Ehz+h3|2
G; 03

+|Eh3+h1|2_3)] |Eh1Eh2Eh3Eh4| (5)

[from (4.5) of Hauptman (1976) and the method de-
scribed by Heinerman (1977b)].

Expressions (2){5) have been derived by lengthy
calculations via joint probability distributions of from
three to seven structure factors. We shall show that
there is a general expression for k exp i which directly
leads to (2)}5). If the whole structure is known this
general expression leads to a delta function for P(®),
as it should. This was not the case for (3). As new ap-
plications we shall calculate formulae analogous to
(4) and (5), now with a priori structural information
included.

The von Mises distribution

Let us consider a complex variable F=A +iB where
A and B are functions of primitive random variables.
We assume that both the distribution of the real part
A and the distribution of the imaginary part B are
Gaussian. In addition we assume that A and B are
independent and that their variances are equal. Then
it can easily be verified that the joint probability dis-
tribution P(X,Y) of 4 and B is

1 1
P(X,Y)= ;[Fexp[— ?(X2+ Y2

— XX -AKB)Y+ (A + <B>2)] . (6)

where
a?=(|F*) —KF[*. (7
Employing the transformation
X=Rcos®d, Y=Rsin®, 8)
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and writing
(F>=Qexpiq, 9)
we obtain
R 1 2 2
P(R,®)= —5exp<{ — = [R*—20QRcos(®—q)+Q?*];.
no g
(10)

From this distribution it follows that the conditional
probability distribution of the phase of F given the
magnitude of F is

P(P|R)= %exp [2%—5005 ((D—q)], (11)
where L, the normalizing constant, is

R

Comparing (11) with the von Mises distribution (1),
using (9) and replacing R by |F| we obtain

(12)
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where N is the number of atoms in the unit cell,

fi(h) is the scattering factor of atom j and r; is the

position vector of atom j. For simplicity we assume

that the space group is P1. Next, we identify F in

(13) with a triple product Fy, Fy,Fy;, hy+h,+h;=0,
N

N N
F=Fy FyFny= Z z z f}l(hl)sz(hz)f}3(h3)

j1=1j2=1j3=1

x exp {2ni[hy .(r;, —r;))+hy . (r;,—r;)]} . (15)

Simple algebraic calculations (see Appendix I) give
N
F>= ‘Zl fithy) fith,) fi(h3) (16)
=
and

AFPY=L L 101 LY fihaPTL Y. fitho)]

N
+[;f;{hl),f;{hz)f;(hsnz

N

kexpip=2 <F0>2|F| . (13) _121 fihy)fhy)*f(hs3)? 17)
We note that {(F) and ¢? have to be calculated with- which lead to the variance
out fixing the magnitude of F. N N N

Formula (13) gives k exp i¢ as a function of the o?=[Y fih)*I[ Y fih)* 1Y fih3)?]
mean value, the variance and the magnitude of F. i=1 =1 =1
Identifying F with a structure invariant (in general a N 5 s 2
structure factor product; see the last section), the - Z Jihy) S hy)*f(hs)* (18)
magnitude of which is obtained from experiment, it =t
remains to calculate (F» and ¢°. From (13), (16) and (18) we obtain the result
N
[ Y i )iha)ha)] | Fa, FuyFl
kexpip=2— = . . : (19)
[Y A ILE S0TLY fb]= 3 fith)iha) ihs)?
= J= j= J=
For a triple product a discussion on the choice of the If we use the definitions for E, and o,

primitive random variables has been given by Heiner- F
man (1977a). It was shown that regarding h,, h, and h; En= 53> (20)
as the primitive random variables leads to the same re- U
sult as regarding all the atomic position vectors as  where
the primitive random variables, although the condi- N
tions are different. It was also shown that in the ap- (F>>=Y fihy?, 2n
proach where the atomic position vectors are regarded j=1
as the primitive random variables a priori structural and
information can be used. In the following sections this N
approach will be the basis of our calculations. o=y 77, (22)

The phase probability of a triple product

We shall first consider the case that there is no a priori
structural information, except for the contents of the
unit cell. The structure factor Fy, is defined by

Fo= ‘; fih) exp 2nih. 1)), (14)

where Z; is the atomic number of atom j, formula (19)
leads to (2) provided we neglect the last summation
in the denominator of (19) [this is justified if the
normalized scattering factors

N
S/ _; fi?H2
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are small] and if we assume that all the atoms have
the same unitary scattering factor f(h),

fih =ij(h) . (23)

The conditions for (19) are h;#0 i=1,2,3 and
h;#h; i,j=1,2,3 isj (see Appendix 1). Heinerman
(1977a) also arrived at the condition 2h;#h;. The two
cases 2h;#h; and 2h;=h; lead to different Jomt prob-
ability dlstrlbutlons for the phases of Ey,, E,, and
Ey;. However, both distributions give the same prob-
ability distribution for the phase of Ey Eyn,Eny (see
Appendix II; there we also give the probability dis-
tribution for the phase of E{ E,,, 2h; + h,=0).

We now consider the case of a priori structural in-

kexpip=2
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to be carried out. (Group) scattering factors and pro-
ducts of (group) scattering factors do not depend on
the (group) position vectors. Therefore averaging these
with respect to the primitive random variables means
averaging with respect to the orientational parameters
of the groups j, p;+1<j<p,. From (25) and (26) it
follows that

Z Z Z <|g11 hl g;z(hZ)gj3(h3)| >

j1=1j2=1j3=1

- .Zl I<g{hy)g (hy)g (h3)>)% (27)
=
which with (13) and (25) leads to
P
[ 2 <gih)giho)g hs))]|Fu FuyFasl
=1 (28)

formation (see Heinerman, 1977a), and write F,, as

p
Fv= ,Zl gjh
i~

where for 1<j<p, the r;s are the atomic position
vectors and the g;h) are the scattering factors Jih),
and for p; +1<j<p the r/’s are the group position
vectors and the g(h) are the group scattering factors.
The independent primitive random variables are (a)
1 <j<p,, the atomic position vectors, (b) p, + 1 <j<p,,
the position vectors and orientational parameters of
the groups, (¢) p,+1<j<p, the position vectors of
the groups with known orientation. Then, identifying
Fwith Fy Fy,Fpj, hy +hy +hy =0, as before, we obtain
for F expression (15) with N replaced by p and the

f{h) replaced by gih). For {(F> and {|F|*)> we find

)exp (2mih 1)), (24)

Fy= 3 (ghg,thog;hs) (25)
ji=1
and p p p
<|F| >= Z Z z <Ig11 hl)gjz(hZ)gjg,(hS)' >
j1=1j2=1j3=
(1Y gbolghalg o>
- % afhoefhalg ho>. (26)

where in the right-hand sides of (25) and (26) the g (h)
with p;+1<j<p, depend on the orientational par-
ameters with respect to which the averaging still has

[ﬁ Cehy)g b

kexpip=2

gnhglhalghal?> = 3. € hy)g thag hs)> P

If there is no structural information (28) reduces
to (19).

If there is only a small amount of structural in-
formation [i.e. the magnitudes of the normalized
(group) scattering factors

G g Py
i=1

are small] the variance (27) can be approximated by

o ~[Z <lghy)? >][Z ClgAh)l? >][Z Clgha)*>].
(29)

If the denominator of (28) is replaced by (29) and (20)
employed, where now

ARY= 3 gy
ji=1

(28) leads to (3).

For the case that the entire structure is known ¢
is equal to the true phase of the triple product and k
1s infinite, which means that then (28) leads to a delta
function centred on the true phase of the triple pro-
duct; this is in strong contrast to (3) in this limiting
case (see Heinerman, 1977a).

(30)

The phase probability of a quartet

Analogous to the derivation of (28) we obtain for
FEFththhth“, h1+h2+h3+h4=0,

Z)gj(hS)gj{h4)>]|Fh1Fh2Fh3Fh4I

M'u

111 .141

(31

Z <|g“ h1 gjz(hZ)gjg,(hS)g_m(h‘t)l > z |<gj(h1 gj{hZ)gj(h3)g1{h4)>|
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If no structural information is available, p=N and
g{=fih), j=1,...,N; then (4) is obtained by using
(20)+23) and neglecting the last sum in the denomi-
nator of (31).
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where Kj,n,, @ complex quantity, is obtained from a
least-squares fitting procedure [see Appendix III; the
normalized (group) scattering factors are assumed to
be small],

[Z gih;)ghy)g(h, +hy)>] [Z (g fhs)ghy)g (hs+hy)>]

j=1

Kh1h2

(34)

[, Clefhy +ho)T

The cross terms Fy, 4 py, Fuy+ny and Fuyip,
The expression for a quartet can be written as

p
F=F|\1Fh2Fh3Fh4= ‘Zl g}(hl)gj(hZ)gj(hE})gj(hd»)
j=

2:: ZZ gjl(hl)gjl(hz)gjz(h3)gj2(h4)
i1#j2

x exp [2mi(h, +hy).(r;, —r;,)]

p p
+,Z Z gj,(h1)g;(h2)g;, (h3)g;,(hs)
ji1=1j2=1
j1#J2

x exp [2mi(h, +h3).(r;, —r},)]
P p
+ Z Z gj1(hy)g;,(hy)g; (h3)g;,(hy)

j1=1j2=1
Jj1#j2

X exXp [21ri(h3+h1)(rj1— i )]

p
+ ) Z Z gjy(hy)g;,(h;)g;5(h3)g;,(hy)
Jj1=1j2=1j3=1 ja=1
noljl 12/\]3 }4
nO(j1:j4/\j2=j3
not j| =j3njy=ia

x exp {2ni[h, .(r;, —
rig)l} -

For equal atoms and no a priori structural informa-
tion the double summations in (32) are directly related
t0 |Fry+nyl% [Fhy+nsl® @and |Fyy.n,l>. For unequal
atoms and/or a priori structural information we there-
fore make the following estimation

S 3 g, (hgh)ghe)

ri)+hy.(rj—r;,)

+hy . (rj;— (32)

ji1=1j2=1
j1#J2
x exp [2mi(h; +hy).(r;, —r;,)]
p P
~Knin; '21 _Zl gjy(hy +hy)gj,(hs +hy)
n=1j2=

J1#]j2

X €Xp [27U 1+hy) ( 11 12)]

=Kniny(IFay+nol* = ‘Zl lgihy +h2)?),  (33)
=

The results for the two remaining double summations
are obtained by permutation of h;, h, and h;. Then

(Fy= Y. Cafhulg g holg o))

p
+Kh1h2[|Fh1+h2|2_ ,Zl <lgihy +hy)>]
I=

+Kh2h3[|Fh2+h3|2— i <|gj(h2+h3)|2>]
Z Clgihs +hy)P].

(35)
With the same assumption which led to (34) we ob-
tain for the variance

=[5 AefhDILY, lefha)>)

+Kh3h1['Fh3+h1|

X[Z Clgh)? >][Z Clgiha)*>] .

The final result expressed in normalized (group)
scattering factors,
gih)

A= R

and in normalized structure factors (20), where (|Fy|*>
is given by (30), is

Kexpip=2( Y, Cufhi)fho)fhtha))

(36)

(37

+ [2 (thy)tfhy)tfhy +hy))]

<[5, <tfbsh halefhs FRI(En, el —1)

L bt by 5]

X[3, <efb e T Esy el =1
L3 b eghs )]

XL 3. <ohale el s + )] 1By on, = 1)

X |E|I1Eh2E|l3E|I4| . (38)
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If there is no a priori structural information, then
with the use of (22) and (23) formula (5) is obtained.
It can easily be seen that if, for example [Fhi+n,yl 18
unknown, the term in (38) with |Ey, . p,|* — 1 vanishes,
or in other words |Ey, +n,|* is then replaced by its
mean value, which is equal to one. Analogous remarks
apply to |Fp; +n;3) and |Fp; .,/ (see also Heinerman,
1977b).

The fourfold summation in (32) contains double
summations that are related to the squares of |Fy,|,
|Fn,l, [Fusl and |Fy,|. Fixing these magnitudes in the
calculations of the mean and variance of F=
Fy FyayFy3Fy,, hy +h;+h; +hy =0, implies that |F| is
fixed, which is not allowed in the basic formula (13).
The same holds for the magnitudes |Fy,|, |Fy,| and
|Fasl in the calculations of the mean and variance of
F=Fy Fn,Fay hy+h;+h;=0 (see also Kroon &
Krabbendam, 1970).

The calculations for higher-order structure in-
variants can be performed in the same way as de-
scribed for a quartet. We calculated the von Mises
distribution for a quintet employing the magnitudes
of the ten cross terms and assuming point atoms. This
distribution appears to be identical to the exponential
form of formula (3.3) of Hauptman & Fortier (1977).

Discussion

The orientational averages {gjh,)gih;)ghs)>, p,+
1<j<ps;, hy+h,+h;=0, are calculated with the
B(z,t) formula (Hauptman, 1965) which gives an ex-
pression for the average of exp {2mi[h,.(r,—r3)+
h,.(r;—r3)]} over all orientations of the triangle
formed by the atoms 1, 2 and 3. A formula for the
orientational average of exp {2ni[h, . (r, —rs)+h, . (r,
—ry)+h;.(r3—r,)]}, needed for the calculation of
<8J(h1)81{h2)g1(h3)g,{h4)> p1+1<j<p;, hy+h,+h;+
h,=0, is not yet available. We suggest a numerical
(computer) calculation. This may have the advantage
that partial information about the orientational par-
ameters, if available, can be used in the averaging
process.

So far {(F) and o2 have been calculated for struc-
tures in space group Pl. It should be stressed that
formula (13) is more generally valid: both (F) and
62 can be computed for any space group. Structure
(sem)invariants of which the phases are restricted to
0 and 7 (or « and a+ =#), however, are excluded be-
cause of the requirement that the real and imaginary
parts of F have to be independent. For such structure
(sem)invariants the phase probability can be obtained
from a one-dimensional Gauss distribution. Then for
centrosymmetric structures

|F I <F >

P, =05405tanh (39)

[see, for example, Klug (1958), Kltalgorodsku (1961),
Giacovazzo (1975) and for the use of a priori structural
information Kroon & Krabbendam (1970)].
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In general F can be identified with any structure
factor product or with a single structure factor. For
the latter, including a priori structural information,
(13) leads to the formula of Sim (1959), while (39) gives
Woolfson’s (1956) formula.

We are indebted to Dr H. Hauptman for supplying
preprints of his work.

APPENDIX I
The calculation of (16) and (17)
Formula (15) can be written as

N
F= .; fihy) fhy) fi(hs)
N

N N
+ 22 2 Suh) S0 fis(hy)
ji1=1j2=1j3=1
not j1 =j2=j3
xexp {2ni[hy .(rj; —r;)+h, . (r;, —r;)]} . (LD)
Averaging with respect to the atomic position vectors
gives zero for all terms in the last summation if
h;#0,i=1,2,3,

N
CFy=Y fih)ffhy)fihs).
i=1

The expression for |F|? is

(1.2)

N
|F|2= Z Z f“ hl)sz(hz)fu h3)f11(h1)f12 hz)fxg(hs
j1=1  i3=1
x exp 2mithy . [(r;; — 1) —(r;; —r;,)]
+h2 [( r:z) (rj3 ri3)]})
N

= Z Z fir(hy) zsz hz)f,3 h;)?

j j2=1j3=1

; S Yith s i, ith, i)

#:

—_
H

- ”MZ

N N
+ Z Z fjl(hl)“‘fi3(h3)
JiTt 3sL
not jy =iy Ajy=ipnjz=iy
not jy=jz=janig=ip=iy
X exp (2ni{h1.[(r' =) —(rj3—r;3)]
+hy [(r, — 1) = (1, —15)1}) (L.3)

Again, averaging with respect to the atomic position
vectors gives zero for all terms in the last summation
ifh;#0,i=1,2,3,and h;#h;, i,j=1,2,3 i #},

N N
FI*= Z Jihy) )(Zl f,{hz)z)(z1 ffhy))
Jj= J=

N
+( .:Zl SAh, )b, )fh3))* — ; fih)*fh,)*f(hs)?

(1.4)
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APPENDIX II
The condition 2h;#h;

From (21) of Heinerman (1977a), where 2h;#h;, it
follows that the joint probability distribution
P(®,,®,,P5|R}, Rz, R;) of the phases of E,,, E,, and
Ey;, given |Ey,|, |Ey,| and |Ey,l, hy+hy,+hy;=0, is
equal to

M

1j2
Jj1#j2

i1

THE VON MISES DISTRIBUTION OF THE PHASE OF A STRUCTURE INVARIANT

<| Zl Z_ [gjl(hl)gj1(h2)g;2(h3)g12(h4)
j1#j2

— Ky w85, (hy +hy)gj,(hs + h,)]

x exp [2mi(hy +hy). (r;, —1;,)]1*> .

This leads to

2] <gj (hy)g;, (hy)g; (hy +hy)> {gjr(h3)g;,(hy)gj,(hs +hy))

Kh]h2=

5 i (g5, (s + )25 Clgsofh +hy)2

ji1=1j2=
Jj1#j2

P(®,®,,95R,R2,R3)=C

X exp [2% R,R,R; cos (&, +<1>2+<1>3)] . (IL1)

For 2h, =h, it can be shown that the result is

P(®,,P,,9;3]R,,R,,R;5)=C

X exp [2 % R R,R; cos (@, + P, + P3)
2

+ =% RIR, cos (20, — am] . (I1.2)
2

Integrating (II.1) and (I1.2) with respect to &,, &, and

®,, such that @, + &, + Py =, in both cases leads to

P(®|R,,Ry,R3)~C" exp <2 % R,R,R; cos ¢>_ (IL3)
2

It follows that the condition 2h;sh; is relaxed in the
process of integration with respect to the phases.

From (IL.2) we can calculate the probability dis-
tribution of the phase of E}, Ey,, 2h; +h,=0, by re-
placing h, and @, by —h, and — &, respectively and
next integrating with respect to @, @, and &3, such
that 2@, + ¢, = . This gives

P(®|R,,R,)~C" exp (% R2R, cos cp) . (IL4)

The same result is obtained from (13) by calculating
(F> and ¢ for F= F.,thz, 2h, +h,=0.

APPENDIX Il
Ky yny in (33)

The ‘least-squares’ value for the complex quantity
Ky, in (33) is obtained by minimizing the expression

(IIL1)

If the magnitudes of the normalized (group) scattering
factors

B3, g1

are small we may include the terms with j; =j,.
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